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Abstract
We present compact three-generation F-theory GUT models meeting in partic-
ular the constraints of D3-tadpole cancellation and D-term supersymmetry. To this
end we explicitly construct elliptically fibered Calabi-Yau fourfolds as complete in-
tersections in a toric ambient space. Toric methods enable us to control the singular
geometry of the SU(5) GUT model. The GUT brane wraps a non-generic del Pezzo
surface admitting GUT symmetry breaking via hypercharge flux. It is contractible
to a curve and we demonstrate the existence of a consistent decoupling limit. We
compute the Euler characteristic of the singular Calabi-Yau fourfold to show that
our three-generation flux solutions obtained via the spectral cover construction are
consistent with D3-tadpole cancellation.
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1 Introduction
F-theory [1] has been known for over a decade to be a fascinating laboratory to study
the non-perturbative dynamics of compactifications with branes, but only recently has it
been appreciated also as a corner of the string landscape that is surprisingly fruitful for
string phenomenology [2, 3, 4, 5].4 The appearance of exceptional gauge groups and the
localisation of the gauge degrees of freedom on branes make it a natural arena for Grand
Unified models of particle physics. This is true in particular for the construction of GUT
models based on SU(5) dynamics which hold the remarkable potential to avoid some of
the notorious shortcomings [14] that plague purely field theoretic approaches. Among the
phenomenological challenges that have been studied in this framework are the question
of GUT symmetry breaking via hypercharge flux and doublet-triplet splitting [4, 5], the
suppression of unacceptable proton decay [4, 15], gauge coupling unification [5, 16, 17],
aspects of neutrino physics [18, 19] and even the potential engineering of the observed
hierarchical flavour structures [20, 21, 22, 23, 24, 25, 26, 27, 28].
Some of these topics can actually be successfully addressed in a local setup without
specifying the full compactification manifold in detail, but focusing on the neighbourhood
of the GUT brane and its geometric properties. Unlike pure bottom-up model building,
however, the program of string phenomenology is not restricted to the proposal of promis-
ing phenomenological mechanisms. To prove the actual viability of a phenomenological
idea it is desirable to study its actual realisation within the landscape of well-defined
string vacua.
The explicit construction of compact SU(5) GUT vacua with hypercharge induced
GUT symmetry breaking [4, 5] was initiated in [29] actually not in fully fledged F-
theory, but, as a first step, in the framework of Type IIB orientifolds within the well-
defined framework of toric geometry. Inspired by the fact that the geometries of these
3-generation GUT models allow for a lift to F-theory [30, 31, 32], explicit Calabi-Yau
fourfolds admitting three-generation F-theory GUT models were realised in [33]. This
toric approach to elliptic fourfolds goes beyond the construction of the complex three-
dimensional base space. As we will review in section 2, a class of base geometries for
which the existence of an elliptic fibration over this base is guaranteed are certain Fano
threefolds. In this case, however, the corresponding F-theory model is known to contain
only abelian gauge groups. However, the engineering of non-abelian SU(5) GUT sym-
metry in viable models with suitable matter curves forces the base to be non-Fano [34]
and renders the fourfold singular. To keep full control over the geometry, [33] directly
constructed the resolved Calabi-Yau fourfold with a non-Fano base, thereby putting the
existence of the desired SU(5) GUT fourfold on firm grounds. Another setup for SU(5)
GUT models is presented in [35, 36, 37], whose geometric analysis focuses on the con-
struction of a non-Fano base space.
The second technical ingredient of F-theory GUT vacua is non-trivial gauge flux,
which is indispensable in order to achieve a chiral spectrum on the matter curves. Via
duality with M-theory gauge flux in F-theory should be thought of as a special type
4Recent advances studying various aspects of brane dynamics in F-theory include [6, 7, 8, 9, 10, 11,
12, 13].
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of G4 background flux with two legs along the 7-brane. New light on the practical
implementation of such fluxes was shed in [2, 38, 18, 39] in terms of the spectral cover
construction [40, 41]. This approach can be understood as a truncation of the Tate
model encoding the singular Calabi-Yau fourfold to the neighbourhood of the GUT brane
S inside the base B. The gauge flux is effectively treated in a manner familiar from
heterotic model building on elliptically fibered Calabi-Yau threefolds. While inspired
by the treatment of gauge flux in models with a heterotic dual [42], there are strong
indications that the spectral cover approach is applicable also to more general F-theory
models without obvious heterotic duals. In fact, in [33] a simple formula was conjectured,
based on the spectral cover construction, for the Euler characteristic of the singular
Calabi-Yau fourfolds relevant for F-theory models with non-abelian gauge dynamics.
The predictions of this formula could be compared with the values computed directly
from the explicit toric resolution of the singular fourfolds, finding perfect match. Besides
lending further credibility to the spectral cover approach as such, this formula also serves
as a simple means to calculate the curvature induced D3-brane tadpole contribution of
the geometry.5 We hasten to add, though, that its applicability is guaranteed a priori
only for models with a single non-abelian gauge group along one divisor - a feature which
can be checked at least for explicitly constructed Calabi-Yau fourfolds as in [33].
In this short article, we continue the construction of compact SU(5) GUT models,
generalising the approach developed in [33]. While that work did construct flux solutions
for three-generation models, one of the remaining technical challenges was the fact that
the D3-brane tadpole of the gauge flux exceeded the curvature induced D3-tadpole en-
coded in the Euler characteristic of the fourfold. This requires the introduction of anti
D3-branes. To remedy this problem, we generalise the geometries of [33] to an entire
sequence of torically constructed Calabi-Yau fourfolds. This leads to the construction of
a number of compact three-generation SU(5) GUT models which allow for the consistent
cancellation of 3-brane tadpoles without sacrificing the explicit control of the geometry of
the fourfold. The models are realised in terms of a split spectral cover, which was shown
in [18] to be the appropriate framework for SU(5) GUT models to avoid problems with
proton decay. The consequences of this split were analysed in detail in [36]. As in [33]
we describe the gauge flux of the split spectral cover as an S[U(4)×U(1)] bundle, paying
particular attention to a correct quantisation and the D-term supersymmetry conditions.
Given the nature of the GUT divisor as the blow-up of curves of del Pezzo singularities,
it is contractible not to a point, but to a curve inside the base B of the elliptic fibration, at
least if we concentrate on situations where the volume of B remains finite. We explicitly
demonstrate the physical viability of such a situation by examining the possibility of
decoupling gravity from the GUT theory on the brane. Such a decoupling limit goes
beyond the minimal requirements for the realisation of the little hierarchy between the
GUT and the Planck scale, but has been argued to be a reasonable organising principle
for GUT model building with branes [2, 3, 34]. Our analysis shows that if the GUT
brane is contractible to a curve in a limit that keeps the volume of the ambient space
finite, gravity can in general be consistently decoupled without leaving the realm of the
supergravity approximation.
5Alternatively, in [43, 44] the Euler characteristic of singular fourfolds is computed via direct resolu-
tion.
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This note is organised as follows: In section 2 we describe our toric approach to the
construction of elliptically fibered Calabi-Yau fourfolds with a contractible divisor as
candidates for SU(5) GUT models in F-theory, leaving some of the technical details to
the appendix A. In particular, in subsection 2.3 we specialise to one particular example
based on a fibration over P4[3] on which we build a three-generation GUT model. The
details of its toric data can be found in appendix B. This fourfold is merely one example in
a whole class of geometries, and a related geometry is presented in appendix C. Section
3 demonstrates the possibility of taking a consistent decoupling limit for gravity by
shrinking the GUT brane to a curve inside the fourfold. We then review the main features
of the spectral cover construction in section 4. This puts us in a position to present, in
section 5, a three-generation GUT model that consistently cancels all tadpoles, and is D-
term supersymmetric inside the Ka¨hler cone in a manner consistent with the decoupling
limit. In appendix B we provide several more such three-generation flux models, while
some comparable solutions for the cousin geometry are collected in appendix C.
2 Construction of Calabi-Yau fourfolds
In this section we describe the explicit construction of compact elliptically fibered Calabi-
Yau fourfolds Y which we will use for GUT model building in the later sections. We
will denote the base of this fibration by B. Recall that F-theory on Y provides a ge-
ometrisation of an N = 1 Type IIB compactification on B with holomorphically varying
complexified string coupling constant τ = C0 + ie
−φ [1]. The parameter τ is identified
with the complex structure modulus of a two-torus and varies over the Ka¨hler manifold
B. This complex fourfold geometry captures non-trivial monodromies of τ around de-
generation loci of the two-torus. Precisely this provides a geometrisation of seven-branes.
Note that this degeneration can be so severe that not only the elliptic fibration becomes
singular, but also the fourfold Y itself. This indicates the presence of a non-abelian gauge
group on the 7-branes. Since we are interested in GUT model building we will need to
degenerate the fibration to obtain an SU(5) gauge group. To nevertheless work with a
smooth space, one can paste in resolving P1 fibers. It will be this resolved space which
we will construct explicitly in this section. The F-theory limit states that one eventually
has to take the volume of the elliptic fiber and the resolving P1’s to zero.
The existence of a compact elliptically fibered Calabi-Yau fourfold implies that the
7-brane tadpoles are automatically cancelled. This is not the case for the D3-brane
tadpoles. A globally consistent setup has to satisfy [45]
χ(Y )
24
= nD3 +
1
2
∫
Y
G4 ∧G4 , (2.1)
where χ(Y ) is the Euler number of Y , nD3 is the number of movable D3-branes and G4 is
the four-form flux. In order to avoid uncontrolled supersymmetry breaking it is desirable
to only include D3-branes into the set-up such that nD3 ≥ 0. Hence, at least from these
simple considerations of tadpole cancellation, it appears desirable to study Calabi-Yau
fourfolds with a large χ(Y ).
4
2.1 Calabi-Yau fourfolds with abelian gauge symmetries
To explicitly construct an elliptically fibered Y one might be tempted to simply start
with a base B and specify Y via the Weierstrass equation
PW(x, y, z|yi) = y
2 − x3 + fz4 + gz6 = 0 (2.2)
or, equivalently, the Tate form
PW = x
3 − y2 + x y z a1 + x
2 z2 a2 + y z
3 a3 + x z
4 a4 + z
6 a6 = 0. (2.3)
Here f, g, ai depend on the coordinates yi of the base B, while the generic elliptic fiber
P1,2,3[6] has projective coordinates (z, x, y). This construction can be carried out for base
spaces B over which there exists an elliptic fibration with no non-abelian singularities.
However, to build an SU(5) GUT model such a construction will be much more involved
and one has to face the challenge of constructing Y directly including its resolved singular
fibers.
Before turning to the explicit construction of Y with non-abelian singularities, we
recall a few facts on base spaces which do admit elliptic fibrations not rendering Y itself
singular. Such B can be found among the finite list of Fano threefolds [46, 47]. Let us
recall four examples with a single Ka¨hler class:
P3 P4[2] P4[3] P4[4]
c31(B) 64 54 24 4
h2,1(B) 0 0 5 30
χ(Y ) 23328 19728 8928 1728
(2.4)
Here P4[n] = {Pn(y1, . . . , y5) = 0} denote generic hypersurfaces of degree n in the pro-
jective space P4. The P4[n] in (2.4) are the quadric, cubic and quartic Fano threefolds.
The famous quintic threefold would be the next in the list but is Calabi-Yau and thus
does not admit an elliptic fibration. Note that in (2.4) we have also displayed the Euler
numbers of the associated fourfolds Y obtained by an elliptic fibration evaluating [45, 48]
χ(Y ) = 12
∫
B
c1(B)c2(B) + 360
∫
B
c31(B) . (2.5)
Due to the special properties of the base spaces B listed in (2.4) the elliptic fibrations Y
are known to exist.6 In fact, we will show in the next section that the fibration Y can be
constructed explicitly.
From the so constructed fourfolds one can proceed by performing geometric transi-
tions. More precisely, one can fix some of the h3,1(Y ) complex structure deformations to
generate a singularity in B and blow this up into a divisor. From the perspective of GUT
model building it is natural to blow up singular curves in B [39, 33, 34]. In this blow-up
6Here one uses the fact that these B admit a very ample canonical bundle. This is not true for all
Fano threefolds, see ref. [49].
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process one replaces the singular curve with an exceptional divisor E thus yielding a new
base B˜. The canonical class of the base changes under this transformation as
KB˜ = KB + E . (2.6)
Using this blow-up procedure we will generate del Pezzo surfaces in the base B˜. Recall
that del Pezzo surfaces are by definition precisely the two-dimensional Fano manifolds.
The 10 del Pezzo surfaces are P1 × P1 and dPn, which is P2 with n = 0, . . . , 8 points
blown up to P1’s. The non-toric del Pezzos are realised as complete intersections or
hypersurfaces in a projective or toric ambient space, just as the Calabi-Yau fourfolds
themselves. For example one can represent
dP5 = P11111[2, 2], dP6 = P1111[3], dP7 = P1112[4], dP8 = P1123[6], (2.7)
where the subscripts denote the weight of the 4 or 5 projective coordinates and we have
also indicated the degree of the hypersurfaces in the square brackets. Note that dP5 is the
complete intersection of two quadratic constraints in P4. After the del Pezzo transition,
the base B˜ will generically no longer be Fano and the existence of an elliptically fibered
Y has to be shown.7 Therefore, as in ref. [33], we will construct Y directly in section 2.2.
2.2 Calabi-Yau fourfolds in toric ambient spaces
Let us stress that the procedure of section 2.1 to construct a Calabi-Yau fourfold simply
as the Weierstrass model over a base B will in general not be sufficient for every B.
The reason is that the geometry of B will often enforce a non-trivial degeneration of
the elliptic fibration. E.g. the computation of the relevant Euler characteristic, either
directly [43, 44] or via the method proposed for a certain class of geometries in [33],
requires explicit control of the singularities of Y . Hence, if we want to construct a
compact F-theory GUT model we will need to define the fourfold Y directly. The fact
that Y and B are complex Ka¨hler manifolds provides us with the necessary powerful
tools to construct and study these manifolds as we will recall in the sequel.
The best studied technique to explicitly construct Calabi-Yau manifolds Y is to realise
these as subvarieties in a higher-dimensional ambient space. In the sequel these ambient
spaces are either projective spaces or toric spaces which we denote by P∆. The Calabi-
Yau spaces Y are specified by a number of complex equations inside P∆. As projective
spaces, toric spaces can be described by a set of coordinates x1, . . . , xn modulo a number
of scaling relations xi 7→ (µk)ℓ
k
i xi with µk ∈ C∗. In the language of the linear sigma model
one can hence view the xi as fields which are charged under a number r of complexified
U(1)k gauge groups with charges ℓ
k
i , k = 1, ..., r. After we discard disallowed points Z,
in analogy to the origin in a projective space, modding out the complex gauge group
actions specified by ℓk defines the toric ambient space
P∆ = (C(x1, . . . , xn)− Z)/(C
∗)r (2.8)
of dimension dim(P∆)= n− r. The divisors Di of P∆ are given by the equations xi = 0,
which allows us to write the first Chern class of P∆ as c1(P∆) =
∑
iDi. The manifold
7For ease of notation we will henceforth stick to the symbol B also for the non-Fano base.
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Y itself is given by complex polynomial equations, pa(x1, . . . , xn) = 0, which transform
consistently under the scalings ℓk. In order for Y to be Calabi-Yau, i.e. c1(Y ) = 0, the
class of the product of the pa has to be c1(P∆), such that
c1(P∆) = (D1 + . . .+Da1)︸ ︷︷ ︸
[p1]
+ (Da1+1 + . . .+Da2)︸ ︷︷ ︸
[p2]
+ . . . , (2.9)
where [pi] is the class of the polynomial pi. Hence, together with a consistent specification
of the partitions of c1(P∆) corresponding to the polynomials pi, the ambient space P∆
canonically specifies a Calabi-Yau space Y in P∆. The specification of a consistent
partition (2.9) makes the construction of complete intersections in a toric ambient space
more involved compared to the case of hypersurfaces [50, 51, 52, 53, 54]. This can be
traced back to the fact that the intersection has to be transversal in order that Y be
non-singular.
In appendix A we describe the construction of such complete intersections in terms
of reflexive polyhedra. The analysis of these data yields the necessary tools to compute
the topological information of the Calabi-Yau fourfold. In the rest of this article we will
only concentrate on elliptically fibered Y given by two equations
PW(x, y, z|yi) = 0 , PB(yi) = 0 , (2.10)
where we have now specified the coordinates (x, y, z) of the elliptic fiber among the xi.
The Calabi-Yau condition demands that the class of PW ·PB is c1(P∆). Note that without
an additional PB the manifold Y is determined by one constraint and is a hypersurface.
There exists a large set of elliptically fibered Calabi-Yau fourfold hypersurfaces. However,
as we argued in ref. [33] and we will see again below, the inclusion of PB provides us with
a richer set of geometries for the GUT seven-branes. In particular, in this way we can
place the GUT brane on non-toric del Pezzo surfaces.
Simple complete intersections can be constructed by considering an elliptic P123[6] fi-
bration over the Fano threefolds (2.4). In appendix A we give the details of this construc-
tion for the Calabi-Yau threefold with Fano threefold base P4[3]. An example originating
from the Fano threefold P4[4] in (2.4) was already constructed in ref. [33]. We can now
proceed to systematically generate singular curves in B and blow them up into del Pezzo
surfaces. This process will lower the number of complex structure moduli of Y and yield
new elements of H2(Y ) upon resolution of the singular curves. Again, these transitions
are best discussed in the framework of toric geometry as we briefly recall in appendix
A. More details on this construction can also be found, for example, in refs. [33, 12].
Crucially, we note that the base threefolds obtained after the transition will generically
be no longer Fano. The existence of an elliptic fibration over these new base spaces is,
however, guaranteed in the explicit toric constructions. One can evaluate the relevant
topological data such as intersection numbers and Chern classes by applying the methods
described in refs. [50, 51, 52, 53, 54].8
Having constructed Calabi-Yau fourfolds with a GUT del Pezzo surface in the base B
we have to ensure that the elliptic fiber degenerates appropriately to account for the non-
abelian GUT gauge group. Since we are interested in a model with SU(5) degeneracy,
8Here the programs PALP [55], TOPCOM [56] and Schubert make these calculations tractable.
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we have to specify the polynomials an appearing in the Tate form (4.2) further. If the
del Pezzo surface is given by the constraint w = 0 in B one has to realise an’s of the form
a1 = b5, a2 = b4w, a3 = b3w
2, a4 = b2w
3, a6 = b0w
5, (2.11)
where the functions bn(w, yi) do not factorise further in the w. The form (2.11) can be
realised by systematically dropping monomials from the original Tate constraint. This
is readily implemented torically by manipulating reflexive polyhedra as we describe in
appendix A. The toric calculus automatically resolves the singular fibers. For the exam-
ple considered in the next section, we are thus able to explicitly construct a Calabi-Yau
fourfold Y SU(5) with resolved SU(5) singularity over the GUT brane. Since Y SU(5) is a
smooth fourfold we can again compute the intersection numbers and Chern classes. The
crucial point in the model building will be that the values of χ(Y ) of the two Calabi-
Yau fourfolds with base P4[3] and P4[4] differ by a factor of 5 as seen in (2.4). This
value will still drop for Y SU(5). However, as we will show in the next sections, models
based on transitions of P4[3] will allow us to satisfy the tadpole constraint (2.1) without
introducing anti-D3-branes.
2.3 Example: A model based on P4[3]
Let us focus now on a concrete compact Calabi-Yau fourfold out of the larger class of
models described in the previous section. Concretely we consider the blow-up of P4[3]
over singular curves to produce a dP5 surface. The complete set of toric data of this model
is presented in appendix B. More precisely, it will be shown there that one can construct
the Calabi-Yau fourfold Y in terms of a reflexive polyhedron with two nef-partitions (see
Table B.1). The characteristic topological data of this fourfold are
χ(Y ) = 6768 , h1,1(Y ) = 5 , h2,1(Y ) = 0 , h3,1(Y ) = 1115 . (2.12)
Using toric methods described in appendix A one can explicitly resolve an SU(5) singu-
larity over the dP5 surface in the base B. One thus constructs the manifold Y
SU(5) and
computes its topological data. In particular, one computes χ(Y SU(5)) = 5718.
Let us next have a closer look at the base B of Y . As every toric hypersurface, the
base B admits an interpretation in terms of the linear sigma model. The corresponding
U(1) charges of the toric divisors are given in table 2.13.
y1 y2 y3 y4 y5 y6 y7 y8 PB
S 0 0 1 1 0 0 −1 0 0
Y1 1 0 0 1 1 1 −1 0 2
Y2 0 1 0 0 0 0 1 0 1
Y3 0 0 0 0 1 0 −1 1 1
(2.13)
Here {S, Y1, Y2, Y3} denote the independent divisor classes as elements of H4(B,Z). For
example, the divisor y7 = 0 lies in the class [y7 = 0] = −S−Y1+Y2−Y3. The last column
denotes the class of the constraint equation PB(yi) that determines B as a hypersurface
PB(yi) = 0 in the ambient toric space. From this one obtains c1(B) = (S + Y1 + Y2) and
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since c1(NS) = S, one can use c1(B) = c1(S) + c1(NS) to find c1(S) = Y1 + Y2. The dP5
surface obtained as the blow-up of a singular curve is given by [y3 = 0]. The fact that
this indeed defines a non-generic dP5 is demonstrated in appendix B by restricting the
hypersurface polynomial PB to this surface. The non-zero intersection numbers for the
independent divisor subset are
S2Y2 = −2, S
2Y3 = −1, SY1Y2 = 2, SY1Y3 = 1, SY
2
3 = −1
Y1Y
2
2 = 3, Y1Y2Y3 = 1, Y
3
2 = 3, Y2Y
2
3 = −1.
(2.14)
For later purposes we also need the Ka¨hler cone. A possible basis is given by
K1 = Y1 + Y2, K2 = Y2, K3 = S + Y1, K4 = Y1 + Y3. (2.15)
The corresponding intersection numbers are displayed in appendix B. Indeed one can
check that an expansion of the Ka¨hler form J =
∑
riKi with ri > 0 leads to positive
volume for every effective curve on B. On the boundary of the Ka¨hler cone some ri = 0,
signalling the vanishing of the volume of a curve.
The GUT brane of our model will be placed on the dP5 divisor y3 = 0 in the class
S. To study the embedding of this divisor into the ambient geometry we need to analyse
the relation between the (co)homologies on B and on S. This is important e.g. because
GUT symmetry breaking will be implemented via hypercharge flux LY through 2-cycles
on S which are homologically trivial, i.e. the boundaries of 3-chains, on B.
The homology group H2(S,Z) of the dP5 surface S is spanned by the hyperplane class
l together with the classes Ei, i = 1, . . . 5, of the five blow-up P
1s inside dP5. In terms of
these,
c1(S) = 3l −
5∑
i=1
Ei. (2.16)
The embedding ι of S into B induces a map ι! : H4(B)→ H2(S), which assigns to every
divisor D on B a curve ι!D = D|S on S. This curve is given by the intersection of the
divisor with S, i.e. the restriction of the divisor to S. From the intersection form (2.14)
the pullback map ι! : H4(B,Z)→ H2(S,Z) is only of rank 3. This is because one of the
four divisor classes on B, namely S+Y1, does not intersect S in a non-trivial class. More
precisely, S(S + Y1)A = 0 for all divisors A ∈ H4(B,Z), so that there are only three
nontrivial, linearly independent divisors intersecting S.
It follows that only three elements in H2(S,Z) are non-trivial also as classes of H2(B,Z).
For the remaining elements trivial in the ambient homology, we require that they are
perpendicular to c1(S) as well as to the non-trivial curves, which will later on be deter-
mined appropriately. Without loss we choose the basis of trivial elements to be E2−E3,
E3−E4, and E4−E5. Then clearly the coefficients of Ei are the same for i ∈ {2, .., 5} for
all non-trivial elements. Defining EI =
∑5
i=2Ei, and deducing the form of the non-trivial
base elements from the intersection numbers, we find, up to isormorphisms of dP5,
C1 = (Y1 − S)|S = 2l − 2E1,
C2 = Y2|S = 2l − EI ,
C3 = Y3|S = 2l − E1 −EI .
(2.17)
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Combining this information with (2.16) then leads to
S|S = −l + E1, Y1|S = l −E1. (2.18)
3 Decoupling Limit
In this section we discuss and clarify certain aspects of the decoupling limit of F-theory
GUT models on geometries of the type presented above. Assume therefore that the
divisor S carries a grand unified SU(5) gauge symmetry. A physically acceptable model
must account for the little hierarchy between the Planck scale MP l = 1.2×1019GeV and
the GUT scale MGUT = 3 × 1016GeV. These scales are related to the volumes of the
GUT divisor S and the threefold B via
M2P l = M
8
∗ Vol(B), M
4
GUT ≃ Vol
−1(S). (3.1)
The first assertion follows from dimensional reduction of the ten-dimensional IIB action
in Einstein frame with inverse string scale M∗ = ℓ
−1
s ; the second estimate reflects the
breaking of the GUT gauge group by hypercharge flux [4, 5], which is quantised in units
of the volume of the 2-cycles on S, and is thus true for an approximately isotropic divisor
S. In addition, the gauge coupling αGUT at the GUT scale is, to first order, given by
1
αGUT
= M4∗ Vol(S) ≃ 24. (3.2)
The typical length scales RS, RB defined by R
4
S = Vol(S) and R
6
B = Vol(B) are thus
subject to the comparatively mild tuning of roughly
RS ≃ 2.2 ℓs, RB ≃ 5.6 ℓs, ℓs ≃ 0.15× 10
−16GeV−1. (3.3)
The minimal requirement for a physically acceptable GUT vacuum is therefore that a
Ka¨hler form J inside the Ka¨hler cone can be found which leads to the relation (3.3)
between Vol(B) and Vol(S). In addition, this relation must be achieved without pushing
any cycle volume to the string scale since in this case α′ corrections would not be under
control any longer. While eventually a mechanism must be found that stabilises the
Ka¨hler moduli dynamically in that regime, a first consistency condition on the geometry
is whether such a parameter regime inside the Ka¨hler cone exists at all.9
A much stronger requirement is that the Planck scale can be taken to infinity while
keeping MGUT fixed. This means that gravity can be consistently decoupled from the
gauge theory of the GUT brane altogether, as is motivated by the apparent UV com-
pleteness of the GUT theory. While, strictly speaking, it would suffice for a physically
consistent GUT model to satisfy the much milder constraints (3.3), the existence of a
decoupling limit has been emphasised in the recent literature [57, 4] as an organising
principle of local (GUT) model building.
9The presence of gauge fluxes generically leads to extra constraints that must be satisfied in this
regime such as D-term supersymmetry conditions.
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This strict decoupling limit MP l → ∞ while MGUT finite amounts to finding a limit
in which Vol(B) = J3 → ∞ while keeping at the same time Vol(S) = SJ2 constant.
Alternatively one can consider the limit Vol(S) = SJ2 → 0, Vol(B) = J3 constant,
even though we will exemplify momentarily that some care is to be taken in equating
the two pictures. These two different viewpoints will be referred to as physical versus
mathematical decoupling.10
At first sight, the simplest possibility of the mathematical decoupling limit would
correspond to a GUT brane that can shrink to a point inside a finite threefold B. This
would be the case if S wraps a completely generic Fano surface inside a non-Fano base
B [34]. In the compact examples of the type discussed in [33] and in this article, by
contrast, S is a non-generic del Pezzo surface and is only contractible to a curve. This
will be the matter curve on which the 10 representation is localised. More generally,
[34] argued that the consistency conditions of an SU(5) GUT model with chiral matter
are compatible only with shrinkability to a curve or a non-generic situation in which
contractibility of the GUT brane implies also that some other divisor intersecting S in a
curve must shrink.
One might wonder whether the first option, contractibility to a curve while Vol(B)
finite, leads to a physically acceptable GUT model. A potential worry might be that the
process Vol(B)→∞ with Vol(S) finite might also take the volume of some curve inside
S to infinity. To keep the volume of S finite, this would mean that some direction normal
to this curve inside S is necessarily pushed to the stringy or sub-stringy regime where
the supergravity approximation breaks down. In the remainder of this section we show
explicitly that this worry is in general not justified, thereby demonstrating the physical
viability of our geometries for GUT model building.
Contractibility to a curve is physically acceptable
To analyse the decoupling properties of the GUT geometry introduced in section 2.3
we start by expanding the Ka¨hler form J into the generators of the Ka¨hler cone, J =∑4
i=1 riKi, ri > 0. From the intersection numbers for the Ka¨hler cone (B.4) one finds
that
Vol(B) = J3 = r21(12r1 + 9r2 + 7r3 + 5r4)
+ r1(6r
2
2 + 5r2r3 + 4r2r4 + 2r
2
3 + 4r3r4 + r
2
4)
+ r22(3r2 + 3r3 + 3r4) + r2(2r
2
3 + 3r2r3 + r
2
4)
+ r23r4 + r3r
2
4
(3.4)
and
Vol(S) = SJ2 = r1(4r1 + 4r2 + 6r4) + r4(4r2 + r4). (3.5)
Let us consider the mathematical and physical decoupling limit in turn. In the first,
the volume of the GUT divisor S vanishes for r1 → 0, r4 → 0 while the volume of B
10 Our definition of the mathematical decoupling limit differs from the one considered in [34]: We
insist that Vol(B) = J3 and therefore MPl remains finite in the limit in which the volume of S shrinks
to zero.
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remains finite as long as r2 remains finite. Note that r3 is unconstrained by these two
requirements. It is easy to see that S can only shrink to a curve of finite volume. In
fact, consider the curve C1 = S ∩ Y1. Its volume S Y1 J = 2r1+ 2r2 + r4 cannot vanish if
Vol(B) and thus r2 is to stay finite.
On the other hand, to determine the phenomenology of the decoupling limit, one
should actually consider the inverse, physical limit in the sense defined above. Now the
volume of S and thus MGUT remains finite for finite r1, r2 and r4 and Vol(B) → ∞
requires r3 → ∞. This demonstrates explicitly that in general the mathematical and
the physical decoupling picture are controlled by different vectors in the Ka¨hler cone.
In particular, the fact that S can only shrink to a curve (in the mathematical picture)
does by no means imply the existence of a curve inside S whose volume would diverge
in the physical picture Vol(B) → ∞ while Vol(S) finite.11 Indeed the existence of such
a curve would imply that in the physical decoupling limit the neighbourhood normal to
this curve inside S would have to acquire sub-string length, questioning the applicability
of perturbation theory for the GUT theory on S. Our analysis shows, however, that in
general divisors shrinkable to a curve are perfectly fine for GUT model building as this
phenomenon need not occur. In fact one immediately checks that no curve inside S exists
whose volume is controlled by r3 because the pullback of the associated Ka¨hler class K3
to S vanishes. At the same time we see that MGUT is dependent not just on a single
Ka¨hler modulus, but in this case on three Ka¨hler moduli r1, r2, r4, all of which have to be
fixed at a scale not exceeding the GUT scale. This is different from situations where the
volume of the GUT brane is controlled by a single modulus that sets the scale of MGUT
and might make a dynamical stabilisation of the GUT scale harder.
In order to determine whether any other divisors stay at finite volume in the physical
decoupling process, consider the volumes of the other linear independent divisors,
Vol(Y1) = Y1J
2 = r1(3r1 + 6r2 + 4r3 + 2r4) + r2(3r2 + 4r3 + 2r4) + 2r3r4,
Vol(Y2) = Y2J
2 = r1(9r1 + 12r2 + 10r3 + 8r4)
+ r2(3r2 + 6r3 + 6r4) + r3(2r3 + 6r4) + r
2
4,
Vol(Y3) = Y3J
2 = r1(2r1 + 2r2 + 4r3) + 2r2r3 + r
2
3.
(3.6)
By inspection of the various coefficients of the r3ri-terms one finds that there is no linear
combination of Yi whose volume is independent of r3, so that sending the latter to infinity
only leaves the divisor S at finite volume.
4 Compact Calabi-Yau fourfolds and spectral covers
To make this paper as self-contained as possible we use this section to recall the necessary
ingredients for the construction of an F-theory GUT model based on the previously
introduced Calabi-Yau fourfolds. This review closely follows the presentation in [33] and
11Note that our conclusions are not in contradiction to those in [34], which considered a different type
of mathematical decoupling limit.
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we refer to [2, 38, 15, 39, 36] for further details of the spectral cover in this specific
context.
4.1 Complete-intersecting fourfolds and the Tate form
Recall that we explicitly realise the Calabi-Yau fourfold Y via two hypersurface con-
straints
PB(yi) = 0, PW(x, y, z; yi) = 0 (4.1)
in a six-dimensional projective or toric ambient space. Here PB is the constraint of
the base B which is independent of the coordinates (x, y, z) of the elliptic fiber.12 The
Weierstrass polynomial PW encodes the structure of the elliptic fibration and can be
brought into the Tate form
PW = x
3 − y2 + x y z a1 + x
2 z2 a2 + y z
3 a3 + x z
4 a4 + z
6 a6 = 0, (4.2)
where (x, y, z) are coordinates of the torus fiber. In the sequel we will only be working
with the inhomogeneous Tate form by setting z = 1. The an(yi) are sections of K
−n
B ,
with KB being the canonical bundle of the base B. If one sets all an = 1 equation (4.2)
reduces to the elliptic fiber P123[6].
The an encode the discriminant of the elliptic fibration. In terms of the new sections
β2 = a
2
1 + 4a2, β4 = a1a3 + 2 a4, β6 = a
2
3 + 4a6, (4.3)
the discriminant can be expressed as
∆ = −1
4
β22(β2β6 − β
2
4)− 8β
3
4 − 27β
2
6 + 9β2β4β6, (4.4)
which is a section of K−12B . In general, the discriminant ∆ will factorise with each factor
describing the location of a 7-brane on a divisor Di in B. Let us denote by δi the vanishing
degree of the discriminant ∆ over the divisor Di. For higher degenerations this will also
introduce non-trivial gauge-groups on the 7-branes. The precise group is encapsulated
in the vanishing degree of the ai and ∆ [58]. For example, for gauge group G along the
divisor w = 0, where w is one of the base coordinates yi, the sections an must take the
following form:
a1 = b5w
κ1, a2 = b4w
κ2, a3 = b3w
κ3, a4 = b2w
κ4, a6 = b0w
κ6, (4.5)
G E8/G κ1 κ2 κ3 κ4 κ6
E8 SU(1) 1 2 3 4 5
E7 SU(2) 1 2 3 3 5
E6 SU(3) 1 2 2 3 5
SO(10) SU(4) 1 1 2 3 5
SU(5) SU(5) 0 1 2 3 5
SU(4) SO(10) 0 1 2 2 4
(4.6)
12Note that this more general setting also includes hypersurfaces encoded by a single constraint PW = 0
if we choose PB to be trivial.
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The sections bi generically depend on all coordinates (yi, w) of the base B but do not
contain an overall factor of w. It is important to stress that in case of such a higher
degeneration not only the elliptic fibration will be singular, but rather the Calabi-Yau
fourfold itself.
Let us specialise now to the Tate model of an SU(5) GUT theory along the divisor
S given by w = 0. In our concrete geometry of section 2.3, we therefore identify w with
the toric coordinate y3.
Matter in the representations 10 and 5 is localised [40] on curves on S of further
enhancement to SO(10) and, respectively, SU(6),
P10 : w = 0 ∩ b5 = 0,
P5 : w = 0 ∩ P = b
2
3b4 − b2b3b5 + b0b
2
5 = 0, (4.7)
Note that the higher powers in w appearing in the polynomials bi become irrelevant for
the geometry of the matter curves. The same applies to the Yukawa couplings 10 10 5
and the 10 55 due to their localisation on S. These are characterised by the simultaneous
vanishing of the w-independent part of bi such as to produce point singularities of type
E6 and SO(12), respectively.
4.2 Spectral covers for SU(5) models
Motivated by this picture, a convenient way to describe the physics of a GUT model has
been developed in [2, 38, 15, 39] in terms of the spectral cover construction [40, 41] over
S. While inspired by models with heterotic duals, it has proven a powerful method also in
more general F-theory compactifications in particular to describe the gauge flux required
for chirality. The general idea is to focus, for the description of the matter curves on S
and the gauge flux, on the neighbourhood of S : w = 0 inside B by restricting to the
w-independent part of the sections bi. The resulting polynomials will be called
bi = bi|w=0 (4.8)
in the sequel.
This structure is conveniently captured in a certain auxiliary, non-Calabi-Yau three-
fold X [39], which is a P1 bundle over the GUT divisor S. The gauge group G on S is
treated as the commutant of the group H inside an underlying E8. It is interpreted as
the result of breaking the maximal E8 enhancement of the P1,2,3[6] fiber by a non-trivial
Higgs bundle [2, 3] with structure group H over S. Part of this data is also to specify a
gauge bundle over S with structure group H . The gauge flux is then treated in the same
manner as bundles in heterotic compactifications on elliptic fibrations, except that one
now works on a non-Calabi-Yau space and the generic fiber is a P1.
Even though strictly speaking the spectral cover construction keeps track only of the
information in the neighbourhood of S, its validity seems to go beyond the local limit.
As a non-trivial consistency check reference [33] has used the spectral cover construction
to derive a general expression for the Euler characteristic for a certain class of F-theory
models with non-abelian singularities. The fact that the resulting values agree in all tested
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cases where the Euler characteristic can be computed independently by toric geometry
adds further credibility to the spectral cover approach.
In the remainder of this section we collect the main information on the spectral
cover construction for the construction of SU(5) GUT models. For more details see
[2, 38, 15, 39]. The starting point is the auxiliary non-Calabi-Yau threefold X [39]
constructed as a fibration over S,
X = P(OS ⊕KS), pX : X → S, (4.9)
where pX is the projection to the base of the bundle. The base S is viewed as the
vanishing locus of the section σ in X with self-intersection
σ · σ = −σ c1(S). (4.10)
The first Chern class of X is c1(X) = 2σ + 2c1(S).
The spectral cover C(5) of an SU(5) model is a 5-fold cover of S inside this auxiliary
threefold X . It is associated with Higgs bundle of structure group H = E8/SU(5) =
SU(5). The physical significance of C(5) is that its intersections with the P1 fiber represent
the eigenvalues associated with the Higgs bundle [2, 3] of the GUT theory on S [15, 39].
By slight simplification C(5) is given by
b0s
5 + b2s
3 + b3s
2 + b4s+ b5 = 0, (4.11)
where s = 0 corresponds to the base S of X .13 The polynomials bi are indeed the w-
independent part (4.8) of the sections bi, as motivated above. They can therefore be
viewed as sections entirely on S since all information on the geometry normal to S has
been dropped by discarding the terms of higher order in w. Their classes are
bj ∈ H
0
(
S;O(η − jc1(S))
)
= H0
(
S;O((6− j)c1(S)− t)
)
(4.12)
for a class
η = 6c1(S)− t, −t = c1(NS/B) (4.13)
Since σ is the class of s = 0 in X and with the assignment (4.12) for bi, we have
cohomologically in X
[C(5)] = 5σ + π∗5η, (4.14)
where π5 denotes the projection from the 5-fold cover C(5) onto S.
The intersection of C(5) with S yields the matter curve P10 (4.7) for the 10 repre-
sentation. Generically C(5) is a connected divisor. In this case, the intersection locus
with S is also connected and all matter in the 10 is localised on a single curve. The 5
curve P5 is considerably more complicated and can be considered as the intersection of
S with another spectral cover C∧2V associated with the anti-symmetric representation of
SU(5). What is important here is that the curve P5 will also be connected for a generic
connected spectral cover.
13More precisely, s = 0 denotes S as the base of the total bundle KS. The compactification of this
total space is X . More details can be found in [39].
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To avoid dimension 4 proton decay, however, it is necessary for the matter 5m and
the Higgs pair [5Hu +5Hd] to be localised on two different curves [4]. In fact the split has
to be such that it affects also the neighbourhood of S inside B [15]. Consequently the
spectral cover itself has to factor in such a way that the curves Pm and PH for 5m and
5H on S split [15].
4.3 Split spectral covers
In this paper we focus on the minimal split in agreement with absence of dimension
4 proton decay operators. That is we specify to the situation of a factorised divisor,
analysed in detail in [36], of the form
C(5) = C(4) × C(1), (4.15)
corresponding to the factorisation of (4.11) into
(c0s
4 + c1s
3 + c2s
2 + c3s+ c4)(d0s+ d1) = 0. (4.16)
To avoid extra 10 representations one takes d1 as an element of H
0(S;OS), which is
consistent with setting it to unity [36]. Comparison of (4.16) with (4.11) allows one to
express the sections bi as
b5 = c4, b4 = c3 + c4d0, b3 = c2 + c3d0, b2 = c1 + c2d0, b0 = −c1d
2
0 , (4.17)
where we have further restricted ourselves to c0 = −c1d0 such that the term propor-
tional to s5 vanishes in (4.16). This identifies the coefficients appearing in the factorised
polynomials as sections
d1 ∈ H
0(X ;O), d0 ∈ H
0(X ; p∗X(TS)),
cn ∈ H
0(X ;O(p∗X(η − (1 + n)c1(S))).
(4.18)
The two components of C(5) are in the respective classes
[C(4)] = 4σ + π∗4 η˜, [C
(1)] = σ + π∗1c1(S), (4.19)
where
η˜ = η − c1(S), η = 6c1(S) + c1(NS). (4.20)
The matter curve P10 on S for representation 10 is the projection of the curve [P10] =
C(4) ∩ σ in X to the section σ,
P10 = [P10]|σ = η − 5c1(S) = η˜ − 4c1(S). (4.21)
The computation of the matter curve for 5m and 5H is much more complicated due to
singularities in the associated antisymmetrised spectral cover [59, 60, 38, 15]. Following
the same logic as in [60] reference [36] finds for the present split
[PH ] = 2σ · π
∗(2η˜ − 5c1(S)) + π
∗(η˜ − c1(S)) · π
∗(η˜ − 2c1(S)),
[Pm] = σ · π
∗(η˜ − 2c1(S)) + π
∗(c1(S)) · π
∗(η˜ − 2c1(S)).
(4.22)
The matter curves on S follow by restricting intersection with σ via (4.10).
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4.4 Gauge flux from spectral cover bundles
In F-theory compactifications, gauge flux along 7-branes is described by 4-form flux G4
with two legs along the brane. Via duality with the heterotic string, the spectral cover
approach translates this data into a line bundle N on the spectral surface. Via the
push-forward map onto S this line bundle defines a vector bundle on S with structure
group H = E8/G. As stated above, the gauge flux is thus formally treated as if it were
responsible for the breaking of E8 to the gauge group G on S as in the heterotic picture.
For the above split of C(5) into C(4) and C(1) [36] this picture involves two line bundles
N4 and N1 defined on the respective components. The push-forward πi∗Ni defines a rank
4 bundle V and, respectively, rank 1 bundle L on S such that the full bundle W = V ⊕L
has structure group S[U(4)× U(1)X ] [33]. The SU(5) gauge group realised on S can be
viewed as the non-abelian part of the commutant SU(5)×U(1)X of the structure group
of V in E8. The extra U(1)X factor becomes massive and is realised at best as a global
selection rule.14
For our purposes it suffices to restrict ourselves to so-called universal gauge flux [39],
which can be switched on for generic complex structure moduli of the (split) spectral
cover. In analogy to the definition of U(n) bundles in the heterotic context [61, 60], a
convenient parametrisation for c1(N4) is [33]
c1(N
(4)) =
r(4)
2
+ γ(4)u +
1
4
π∗4ζ
= (1 + 4λ) σ +
(
1
2
− λ
)
π∗4 η˜ +
(
−1
2
+ 4λ
)
π∗4c1(S) +
1
4
π∗4ζ,
(4.23)
while for N1 one can formally set
c1(N1) = −π
∗
1ζ. (4.24)
Here ζ is a class in H2(S,Z). Indeed, the above choice guarantees that c1(V )+ c1(L) = 0
[33]. The flux is subject to a quantisation condition which ensures integrality of c1(N4)
and c1(N1),
4 λ ∈ Z ,
(
1
2
− λ
)
η˜ − 1
2
c1(S) +
1
4
ζ ∈ H2(S;Z) . (4.25)
The purpose of switching on this gauge flux is to achieve a chiral matter spectrum
localised on the described curves on S. The resulting chirality of the 10, 5m and 5H
fields can be computed in close analogy to the corresponding expressions for heterotic
spectral covers. Here we merely list the final results from [33] in terms of the above
parametrisation of the spectral cover line bundle,
χ10 = χ(P10,N4 ⊗KS|P10) =
(
− λη˜ + 1
4
ζ
)
(η˜ − 4c1(S)),
χ5m = χ(Pm,N4 ⊗N1 ⊗KS|Pm) = λ
(
−η˜2 + 6η˜c1(S)− 8c
2
1(S)
)
+ 1
4
ζ (−3η˜ + 6c1(S)),
χ5H = λ
(
−2η˜c1(S) + 8c
2
1(S)
)
+ 1
4
ζ (4η˜ − 10c1(S)). (4.26)
14This is a delicate issue. For non-zero VEVs of U(1)X charged fields the gauge symmetry is higgsed
and broken also as a selection rule. In the present case the corresponding recombination moduli of the
two spectral surfaces are states localised away from S and are, strictly speaking, beyond the reliable
scope of the spectral cover approach.
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Here all intersections are taken directly on S.
Finally, the breaking of SU(5) to the Standard Model gauge group is achieved by
switching on a line bundle LY on S corresponding to hypercharge flux [4, 5]. A consistent
definition of this flux in a way that does not lead exotic states from the decomposition of
the 24 representation of SU(5) has been given in [33]. There the GUT bundles are twisted
by fractional powers of LY in a manner respecting the subtle quantisation conditions for
the gauge flux.
4.5 Supersymmetry and D3-tadpole
The above flux is subject to two further consistency conditions. The first is the well
familiar D-term supersymmetry condition, which requires the Fayet-Iliopoulos term of
U(1)X
µ(V ) =
∫
S
ι∗J ∧ ζ = −µ(L), (4.27)
to vanish in absence of VEVs for matter charged under U(1)X . This condition has to hold
inside the Ka¨hler cone. Note that if one aims at realising the decoupling limit described
in section 3, care has to be taken whether the resulting constraints are compatible with
(4.27).
The second, important constraint stems from the necessity of cancelling the induced
D3-brane tadpole in compact string vacua as already given in (2.1). To avoid uncontrolled
supersymmetry breaking by anti D3-branes, the flux contribution must not overshoot the
curvature part induced by the Euler characteristic χ(Y ). For a single U(n) spectral cover
bundle the flux piece takes the form [42, 61]
Nflux =
1
2
∫
Y
G ∧G =
1
2
∫
S
(
λ2nη(η − nc1(S))−
1
n
ζ2
)
. (4.28)
For the present 4-1 split spectral cover, we have an S[U(4) × U(1)] bundle, which con-
tributes [33]
Nflux =
1
2
∫
S
(
4λ2η˜(η˜ − 4c1(S))−
(
1
4
+ 1
)
ζ2
)
, (4.29)
with η˜ as in (4.20). Switching on hypercharge flux LY on S to accomplish GUT symmetry
breaking modifies the full flux induced D3-charge further by an extra −c21(LY )+ ζc1(LY )
on the right-hand side of (4.29).
Crucially, the value of χ(Y ) entering the D3-brane tadpole keeps track of the presence
of non-abelian gauge groups on Y . The degenerations of the elliptic fiber over the locus
of non-abelian 7-branes render the Calabi-Yau Y singular. The value appearing in (2.1)
refers to the smooth fourfold obtained by resolving these singularities. This reduces the
value for χ(Y ) as compared to the naive value obtained by considering merely a smooth
Weierstrass model over the base B with at worst I1 singular fibers.
In [33] a general expression for the Euler characteristic of an F-theory model that can
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be described by a spectral cover with structure group G has been given,15
χ(Y ) = χ∗(Y ) + χG − χE8 . (4.30)
Here χ∗(Y ) is the Euler characteristic for the elliptic fibration over B in the absence of
the resolved gauge group. In our cases removing the gauge singularity leads to a fourfold
for which χ∗(Y ) is simply computed via (2.5). The quantities χG, χE8 are defined in
terms of the class η defining the spectral cover. Since we are interested in this paper in
an S[U(4) × U(1)X ] spectral cover, we only display the expression for G = SU(n) and
for E8, referring the reader to [33] for further details:
χE8 = 120
∫
S
(
3η2 − 27ηc1(S) + 62c
2
1(S)
)
, (4.31)
χSU(n) =
∫
S
c21(S)(n
3 − n) + 3n η
(
η − nc1(S)
)
. (4.32)
This simple proposal for the computation of the Euler characteristic has been checked
in [33] in a number of torically realised examples, which thus admit the independent
computation of χ(Y ) after resolution of the non-abelian singularities. In the context of
a split spectral cover, the factor χG is to be replaced by the sum χSU(4) + χSU(1), where
the latter vanishes trivially and the SU(4) part involves the class η˜ = η − c1(S).
5 Explicit 3-Generation Example
We are now in a position to provide the details for the construction of D3-tadpole can-
celling, compact SU(5) GUT models based on a split C(4) − C(1) cover. Let us present
one explicit example realised within the particular geometry described in section 2.3. In
appendix B.2 we collect the data of a sample of extra solutions we found. A comparable
construction is possible also on the geometry described in appendix C, leading likewise
to a number of flux three-generation solutions in agreement with the D3-tadpole.
Matter curves on S
As a first step we determine the matter curves on the GUT divisor S given by y3 = 0.
The general formulae for these curves (as objects in the auxiliary spectral cover threefold
X) are given in section 4.3. With the concrete expressions for c1(B), c1(S), c1(NS) in
the geometry of section 2.3 one finds for the matter curve classes on S
[P10] = c1(B) = (S + Y1 + Y2)|S,
[P5H] = 5c1(S) + 2c1(NS) = (2S + 5Y1 + 5Y2)|S,
[P5m] = 3c1(S) + c1(NS) = (S + 3Y1 + 3Y2)|S
(5.1)
in terms of the pullback of divisor classes of B. With the help of the explicit pullback
15An alternative method to directly compute χ of the resolved space is pursued in [43, 44].
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map (2.17), (2.18) for the individual classes this leads to the following expression for the
matter curve classes in H2(S,Z),
[P10] = 2l − EI , [P5H] = 13l − 3E1 − 5EI , [P5m] = 8l − 2E1 − 3EI . (5.2)
Now, we can switch on hypercharge flux along, say, the element
c1(LY ) = E3 −E4. (5.3)
Since this class is cohomologically trivial on the ambient base B, this flux breaks SU(5)
to SU(3)× SU(2)× U(1)Y while keeping U(1)Y massless. Our choice of LY guarantees
that it restricts trivially to [P10], [P5m] and [P5H]. Thus GUT symmetry breaking is
realised in such a way that the GUT representations descend to an equal number of
MSSM representations. While this is welcome for 10 and 5m, the Higgs doublet-triplet
splitting must be solved here via non-trivial Wilson lines as described in the IIB context
in detail in [29].
While the main scope of this short article is to demonstrate that the global model
building constraints can be met within a well-defined geometry, we note that the locali-
sation of the Higgs field on a single curve requires fine tuning to avoid a large µ-term [4].
This can be avoided if the Higgs curve splits further into two single components for Hu
and Hd in such a way that LY restricts to +1 and −1, respectively [4]. On such a split
curve the triplet is automatically projected out and a single Hu −Hd pair is kept.
It is in principle possible to further split [P5H ] to [P5Hu ] and [P5Hd ] consistent with
this requirement, e.g.
[P5Hu ] = 7l − 2E1 − 3(E2 + E3)− 2(E4 + E5),
[P5H
d
] = 6l − 1E1 − 2(E2 + E3)− 3(E4 + E5).
(5.4)
However, thus far no explicit implementation of this in the coordinates {yi} has been
found. We plan to return to this technicality in the future. We also note that in the
present setup a closer analysis of the Higgs triplet is required in view of gauge coupling
unification [16]. The thresholds of the triplets have the potential to correct the hyperflux
induced deviation from exact coupling unification at the GUT scale without the need
to introduce extra thresholds. Models with extra incomplete GUT multiplets to achieve
gauge unification are considered in [37] (see also [62]).
Fixing the gauge flux to achieve 3 chiral generations
We now construct consistent spectral cover line bundles N4 and N1 which lead to three
chiral generations of Standard Model matter (and no exotic representations). For this
purpose we go back to the parametrisation (4.23) and make the ansatz λ = x
4
, x ∈ Z
in agreement with the quantisation condition (4.25). The second constraint therein now
becomes ζ = −xB+2X+4ζ˜ for ζ˜ = m0X+miYi with m0, mi ∈ Z. A search for mi such
that χ5H = 0 and χ10 = ±3 yields several viable solutions, amongst which ~m = (1, 0, 3, 0)
is one of the more convenient ones. It leads to x = −3 and therefore to the following
expression for ζ ,
ζ = (3X − 3Y1 + 9Y2)|S, λ = −
3
4
. (5.5)
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In this case χ10 = +3, establishing indeed the presence of three chiral generations of
GUT matter.
D-Term supersymmetry and decoupling
With the Ka¨hler form J =
∑
i riKi expanded in terms of the generators (2.15) of the
Ka¨hler cone and ζ defined as above, the Fayet-Iliopoulos term (4.27) becomes
µ(V ) =
∫
S
ι∗J ∧ ζ = 6r1 − 12r2 + 12r4. (5.6)
Indeed µ(V ) can be arranged to vanish inside the Ka¨hler cone. Most importantly, a
vanishing Fayet-Iliopoulos is not in conflict with the physical decoupling limit described
in section 3 as the above term does not depend on r3. Recall from section 3 that it is
the limit r3 →∞ and all other ri finite which controls MP l. →∞ while MGUT finite. In
more physical terms, we have found a supersymmetric solution which is consistent with
engineering the mild hierarchy MGUT ≃ 10−3MP l.
3-brane Tadpole
To compute the curvature induced D3-brane charge for B we follow the logic spelled
out in section 4.5 and first compute the bare Euler characteristic (2.5) for a smooth
fibration over our base B. From c1(B) = S + Y1 + Y2 and c2(B) as given in appendix
B this is χ∗(Y )/24 = 282. Next, the expression (4.31) for χ(E8) must be computed
from η = 6(Y1 + Y2) + S, while for the split spectral cover χ(SU(4)) is defined merely in
terms of η˜ = 5(Y1+ Y2) + S. In total the full curvature induced D3-brane tadpole of our
geometry is
χ(Y )
24
= 226. (5.7)
Furthermore, the flux-dependent part (4.29) for our above choice of ζ gives
Nflux = 144. (5.8)
Putting everything together and remembering that the hyperflux contributes with
c21(LY ) = −2 (while c1(LY ) ζ = 0), we thus find that D3-tadpole cancellation requires
the addition of
n3 = 226− 144− 2 = 80 (5.9)
D3-branes.
6 Conclusions
In this note we have constructed several compact three-generation SU(5) GUT models
in the framework of F-theory, building on and extending the analysis in [33]. We have
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focused on two outstanding technical challenges. First our models allow for D3-brane tad-
pole cancellation without anti-D3-branes thanks to a sufficiently high Euler characteristic
of the Calabi-Yau fourfold. Second we have demonstrated the possibility of decoupling
gravity in situations where the GUT brane is contractible only to curves, as is the case
here.
Our approach of constructing the elliptic compactification fourfold via toric methods is
more general and by no means restricted to the specific examples presented in this paper.
As we have stressed several times the machinery of toric geometry keeps control of the
full compact Calabi-Yau fourfold and the singularities encoding the non-abelian gauge
symmetry. This fact enables us e.g. to compute the Euler characteristic of the fourfold,
which is an important step in the investigation of D3-tadpole cancellation. Concretely,
we start with an elliptic fibration over a Fano threefold, defined as a complete intersection
in a toric ambient space. In a next step a singularity generated on this base is blown up
to a non-generic del Pezzo surface. One of the divisors obtained in this manner defines
our GUT seven-brane. Note that these transitions generically render the base non-Fano
and toric methods become an important tool to guarantee the existence of the fourfold.
The construction of this model then allows us to find an explicit implementation of the
decoupling limit MP l →∞, demonstrating the physical viability of situations where the
GUT divisor is contractible to a curve instead of to a point.
Using the spectral cover approach to describe the gauge flux necessary for chiral
matter, we have furthermore obtained a number of correctly quantised flux solutions
whose 3-brane charge does not exceed that of the manifold. Moreover the Fayet-Iliopoulos
term in the supersymmetry condition can be arranged to vanish without affecting the
physical decoupling limit.
We have provided two example manifolds as well as, in each case, several solutions
for the gauge flux exhibiting the properties described above. The chiral spectrum in
these models is that of the Standard Model. Even though a detailed phenomenological
analysis is beyond the main focus of this article, we point out that a property that has
thus far proven difficult to realise in detail is the consistent split of the 5H-matter curve.
This is required in order to avoid dimension-five proton decay and the µ-problem. While
in principle such a split can be given in terms of the matter curve classes expressed as
elements of the homology of the GUT-brane, an explicit implementation in the ambient
space coordinates is yet to be achieved. We hope to return to this question in the future.
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A On the toric construction of elliptic fourfolds
In this appendix we describe the details of the construction of an elliptic Calabi-Yau space
Y as a complete intersection within a toric ambient space P∆ specified in (2.8). A powerful
way to formulate the geometry of Y and its ambient space is via reflexive polyhedra.
Essentially, these consist of integral vectors which are related via the ℓk. We refer the
reader to ref. [63] for an introduction on this subject. Let us denote by ∆∗ the polyhedron
in which the points correspond to the coordinates xi, or divisors Di, of P∆. The split in
(2.9) is encoded by a split of ∇ = (∇1,∇2, . . .) in partitions ∇a. These data can encode
a non-singular complete intersection if ∇ and the Minkowski sum ∇1+∇2+ . . . are both
reflexive polyhedra.16 In case this condition is satisfied one calls the split (∇1,∇2, . . .)
a nef-partition [50, 53]. To explicitly describe the polynomials pa(x1, . . . , xn) defining Y
we first have to introduce the dual Newton polyhedra ∆ = (∆1,∆2, . . .) via [63]
〈∇a,∆b〉 ≥ −δab. (A.1)
While the (∇1,∇2, . . .) correspond to coordinates and toric divisors for the complete
intersection, the points in (∆1,∆2, . . .) correspond to the monomials of the constraints
pa = 0. More precisely, the complete intersection is given by the constraints
pa =
∑
wk∈∆a
c
(a)
k
∏
b
∏
νi∈∇b
x
〈νi,wk〉+δab
i = 0 . (A.2)
The coefficients c
(a)
k are a redundant parametrisation of the complex structure deforma-
tions of Y . While this general formalism may seem rather abstract it turns out to be
very tractable when applied to concrete examples.
The toric constructions are readily carried out for elliptically fibered Calabi-Yau
fourfolds with base spaces (2.4) and P123[6] elliptic fiber. Let us focus here on the
example with B = P4[3]. The toric data for the nef-partitions (∇1,∇2) are listed in
Table A.1. One notes that the polyhedron for P123, spanned by the three toric points
nef-part. vertices coords.
∇1 ν1=(−1, 0, 0, 0, 0, 0 ) y
ν2=( 0, −1, 0, 0, 0, 0 ) x
ν3=( 3, 2, 0, 0, 0, 0 ) z
ν4=( 3, 2, −1, −1, −1, −1 ) y1
ν5=( 3, 2, 1, 0, 0, 0 ) y2
∇2 ν˜1=( 0, 0, 0, 1, 0, 0 ) y3
ν7=( 0, 0, 0, 0, 1, 0 ) y4
ν8=( 0, 0, 0, 0, 0, 1 ) y5
Table A.1: Toric data for the elliptic Calabi-Yau fourfold over the base P4[3].
16We have been a bit sloppy in this treatment, since one has to add the origin to each ∇i. The set
∇1+∇2 is then defined to consist of the sums of each point in ∇1 with each point in ∇2. A polyhedron
is reflexive if the origin is the only interior point of the polyhedron.
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∇˜ = ((−1, 0), (0,−1), (3, 2)), appears in the first two columns of each ∇1. The complete
intersection is elliptically fibered since ∇ contains the points ν1, ν2, ν3, corresponding to
the coordinates (y, x, z) of the elliptic fiber, which have the points ∇˜ in the first two
entries but are zero otherwise [64]. The polyhedron of the base B appears in the last four
rows of ∇. It is not hard to check that the splits of ∇ into (∇1,∇2) determine a valid
nef-partition.17 Since ∇1 contains the points (ν1, ν2, ν3) corresponding to the coordinates
(x, y, z) of the elliptic fiber one checks using (A.2) that p1 ≡ PW = 0 is precisely the Tate
form (4.2). The coefficients an in the Tate form can be explicitly given in terms of the
toric data. Let us first introduce the sets
Ar = {wk ∈ ∆1 : 〈ν3, wk〉 = r + 1}. (A.3)
These are the elements in the Newton polyhedron which generate the monomials in the
Tate form p1 = 0 containing the power z
r. Hence, we can write
ar =
∑
wk∈Ar
c
(1)
k
2∏
n=1
∏
νi∈∇n, i>3
y
〈νi,wk〉+δmn
i , (A.4)
where we recall that ν3 corresponds to the z-coordinate of the elliptic fiber in (4.2) and
hence ar appears in front of z
r. Moreover, p2 = 0 is the constraint for the base B, i.e. for
the example in Table A.1 one finds P4[3].
The del Pezzo surfaces supporting the GUT brane can now be obtained by adding
further toric points to the nef-partitions in Table A.1. In particular, one notes that such
a construction blows up a singular curve by adding the point (3, 2,−1,−1, 0, 0) to the
first nef-partition ∇1. One checks that this blows up a del Pezzo 4 surface. The fact
that this blow-up arises from a singular curve can be understood torically as follows.
If one projects the polyhedron of Table A.1 to the base B by omitting the first two
columns, then the new del Pezzo divisor (−1,−1, 0, 0) subdivides the two-dimensional
cone spanned by (1, 0, 0, 0) and (0, 1, 0, 0) in the polyhedron of B. Upon adding this
point the curve corresponding to this cone is removed from B and replaced by the new
del Pezzo divisor. In this way we will systematically proceed to construct the desired
Calabi-Yau fourfold (see Appendix B for the toric details).
Resolving singularities in elliptic Calabi-Yau fourfolds
Having constructed the Calabi-Yau fourfold as an elliptic fibration over the base B with
a del Pezzo surface, we next want to use toric geometry to degenerate the elliptic fiber of
this surface to an SU(5) singularity [65, 66]. Our strategy is to use the explicit expressions
for the ai given in (A.4) and drop all monomials that would violate the SU(5) form (4.5).
Recall that in (4.5) we have demanded that the (a1, a2, a3, a4, a6) contain the overall
factors (1, w, w2, w3, w5) with coefficient functions br(w, yi). Hence, one has to drop the
monomials in ar which admit powers of w
k with k < (0, 1, 2, 3, 5), respectively. Torically
this is achieved by dropping points in the Newton polyhedron ∆1. One thus drops points
of the sets Ar, defined in (A.3), encoding the monomials in ar, and obtains new sets
ASU(5)r ⊂ Ar, ∆
SU(5)
1 ⊂ ∆1. (A.5)
17This can be done by using the program PALP [55].
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Using the new Newton polyhedron in the Tate form p1 = 0 in (A.2) ensures that Y will
admit the singularity of the desired SU(5) type. Clearly, one can use this method to
generate also higher gauge groups on the divisor S by imposing stronger constraints on
the allowed monomials. Maximally, we can degenerate the elliptic fiber to E8 by reducing
to ∆E81 dropping all monomials in the ar with powers lower than (w,w
2, w3, w4, w5).
Toric geometry can now be used to automatically resolve the singularities of the
elliptic fibration. In order to do that one has to add new blow-up divisors, or, equiva-
lently, new points to the polyhedron ∇ = (∇1,∇2). More precisely, this can be done by
determining the new duals of (∆
SU(5)
1 ,∆
SU(5)
2 = ∆2) via
〈∇SU(5)n ,∆
SU(5)
m 〉 ≥ −δmn (A.6)
just as in (A.1). Since ∆SU(5) ⊂ ∆ the polyhedron ∇SU(5) = (∇SU(5)1 ,∇
SU(5)
2 ) will contain
more points than the original polyhedron ∇. The extra points ν˜i are in ∇
SU(5)
1 and
explicitly given by
∇SU(5)1 : νdP = ( 3, 2, ~µ, )
ν˜1 = ( 2, 1, ~µ, )
ν˜2 = ( 1, 1, ~µ, )
ν˜3 = ( 1, 0, ~µ, )
ν˜4 = ( 0, 0, ~µ, )
(A.7)
where the point νdP corresponds to the GUT del Pezzo divisor in the base. The new
points (A.7) together with the original points define a new complete-intersecting fourfold
Y SU(5), which admits a resolved SU(5) fiber. Using these data one can again determine
all relevant topological data for the fourfold such as intersection numbers and Chern
classes. Clearly, this allows us to directly compute χ(Y SU(5)).
Let us stress that one can use this technique to generate and resolve singularities
also for other gauge groups realised on S or some other toric divisor. In particular, one
finds for the maximal E8 case that one has to add the points (3, 2, n~µ), n = 1, ..., 6,
(2, 1, n~µ), n = 1, ..., 4, (1, 1, n~µ), n = 1, 2, 3, (1, 0, n~µ), n = 1, 2 and (0, 0, ~µ).
B Details of a 3-generation model based on P4[3]
B.1 The fourfold
In this appendix we provide the toric data and extra geometric details of the fourfold in-
troduced in section 2.3 on which we construct consistent three-generation SU(5) models.
We begin with the toric data for the model as given in Table B.1.
Upon expanding the total Chern class of the basis for this model one obtains
c1(B) = S + Y1 + Y2,
c2(B) = − S
2 − SY1 + 2SY2 − SY3 + 4Y1Y2 + 2Y2Y3 − Y
2
3 ,
c3(B) = S
2(−S − 3Y1 + Y2 − 2Y3) + S(−2Y
2
1 + 5Y1Y2 − 3Y1Y3 + 3Y2Y3 − 2Y
2
3 )
+ Y1(−2Y
2
1 − 4Y1Y3 − 3Y
2
3 )− Y2Y
2
3 .
(B.1)
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nef-part. vertices coords. U(1)-charges
N0=( 0, 0, 0, 0, 0, 0 ) x0 B S Y1 Y2 Y3
∇1 ν1=(−1, 0, 0, 0, 0, 0 ) y 3 3 3 3 ·
ν2=( 0, −1, 0, 0, 0, 0 ) x 2 2 2 2 ·
ν3=( 3, 2, 0, 0, 0, 0 ) z 1 · · · ·
ν4=( 3, 2, −1, −1, −1, −1 ) y1 · · 1 · ·
ν5=( 3, 2, 1, 0, 0, 0 ) y2 · · · 1 ·
ν6=( 3, 2, −1, −1, 0, 0 ) y3 · 1 · · ·
∇2 ν˜1=( 0, 0, 0, 1, 0, 0 ) y4 · 1 1 · ·
ν7=( 0, 0, 0, 0, 1, 0 ) y5 · · 1 · 1
ν8=( 0, 0, 0, 0, 0, 1 ) y6 · · 1 · ·
ν9=( 0, 0, −1, 0, 0, 0 ) y7 · −1 −1 1 −1
ν10=( 0, 0, −1, 0, −1, 0 ) y8 · · · · 1
Table B.1: Toric data for the elliptic Calabi-Yau fourfold of section 2.3.
The non-zero intersection numbers are given in (2.14) and are repeated here for the
convenience of the reader,
S2Y2 = −2, S
2Y3 = −1, SY1Y2 = 2, SY1Y3 = 1, SY
2
3 = −1,
Y1Y
2
2 = 3, Y1Y2Y3 = 1, Y
3
2 = 3, Y2Y
2
3 = −1.
(B.2)
For the analysis of the D-term supersymmetry condition and the possibility of decoupling
gravity we require a basis for the Ka¨hler cone. One possible choice for this consists of
K1 = Y1 + Y2, K2 = Y2, K3 = X + Y1, K4 = Y1 + Y3. (B.3)
The corresponding intersection numbers are
K31 = 12, K1K2K3 = 5, K
3
2 = 3, K2K
2
4 = 1,
K21K2 = 9, K1K2K4 = 4, K
2
2K3 = 3, K
3
3 = 0,
K21K3 = 7, K1K
2
3 = 2, K
2
2K4 = 3, K
2
3K4 = 1,
K21K4 = 5, K1K3K4 = 4, K2K
2
3 = 2, K3K
2
4 = 1,
K1K
2
2 = 6, K1K
2
4 = 1, K2K3K4 = 3, K
3
4 = 0.
(B.4)
The GUT divisor as a dP5
In order to demonstrate that the GUT divisor y3 = 0 is indeed a dP5-surface, we now
explicitly construct it in terms of the coordinates defined in Table B.1. We start with the
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polynomial whose zero-locus defines the base as a divisor in Y in the class 2Y1+Y2+ Y3.
It can be evaluated as
PB =
1∑
k=0
1−k∑
l=0
2−k∑
m=0
yk2y
1−k
7 y
l
3y
1−k−l
4 y
m
8 y
2−k−m
5 Pk+l+m(y1, y6). (B.5)
Now, the GUT-divisor S is defined by y3 = 0, restricting the above polynomial to l = 0.
Explicitly,
PGUT = y7y4(y
2
5 + y5y8f1 + y
2
8f2) + y2(y5g1 + y8g2), (B.6)
where fn, gn are generic polynomials of degree n in y1 and y6. Next, we distinguish
between the various patches, fixing three coordinates in each case. Due to this fixing,
only one scaling relation remains from the initial four:
(y1, y2, y3, y4, y5, y6, y7, y8) ∼ (σy1, ρy2, λy3, λσy4, σξy5, σy6,
ρ
λσξ
y7, ξy8). (B.7)
We give one example of this to illustrate the procedure following the choice of patch. Let
us choose y2 = y7 = y8 = 1. This leaves PGUT = y4(y
2
5 + y5f1 + f2) + (y5g1 + y8g2) and
the relation (y1, y2, 0, y4, y5, y6, y7, y8) ∼ (σy1, y2, 0, y4, σy5, σy6, y7, y8). Next, we multiply
the polynomial by y25 and rewrite it in terms of (t0, t1, t2, t3) = (y5, y1, y6, y4y5):
PGUT = t3(α00t
3
0 + t
2
0(α01t1 + α02t2) + t0(α11t
2
1 + α12t1t2 + α22t
2
2)
+ (t30(β01t1 + β02t2) + t
2
0(β11t
2
1 + β12t1t2 + β22t
2
2)),
(B.8)
where the Greek letters are simply coefficients. For ease of notation we will drop them
in the following.18 Then rearranging gives
PGUT = t
3
0(t1 + t2 + t3) + t
2
0(t
2
1 + t1t2 + t
2
2 + t1t3 + t2t3) + t0t3(t
2
1 + t1t2 + t
2
2). (B.9)
Clearly, each ti has weight 1 under the remaining scaling relation and thus the polynomial
forms a quartic in P3. Now, in order to obtain the standard form for the dP5, i.e. the
intersection of two quadrics in P4, define a map P3 → P4 as follows,
(x0, x1, x2, x3, x4) = (t
2
0, t0t1, t0t2, t0t3, t
2
1 + t1t2 + t
2
2). (B.10)
Then clearly, the image of the map defines the first quadric,
Q = x21 + x1x2 + x
2
2 − x0x4 = 0, (B.11)
while the image of the quartic (the PGUT polynomial) defines the second quadric,
P = x0(x1 + x2 + x3) + x
2
1 + x
2
2 + x1x2 + x1x3 + x2x3 + x3x4 = 0. (B.12)
Since each xi has the same charge under the left-over scaling relation, we thus arrive at
a P4[2, 2] representation of the GUT-divisor, which is the representation of a dP5.
18One can easily check that the same analysis can be carried out including the coefficients.
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B.2 More three-generation flux solutions
In section 5 we present the gauge flux for a three-generation model consistent with the
quantisation conditions. Here we provide more details on the computation.
Let us start with the ansatz
x = 4λ, x ∈ Z, ζ = −xB|S + 2S|S + 4ζ˜ , ζ ∈ Z, (B.13)
where ζ˜ = (m0X + m1Y1 + m2Y2 + m3Y3)|S and −B|S = (S + Y1 + Y2)|S. Then the
requirement χ5H = 0 leads to
x = 5− 10(m1 −m0)− 6m2 − 3m3, (B.14)
while χ10 = ±3 implies
χ10 = −11 + 22(m1 −m0) + 12m2 + 6m3 = ±3. (B.15)
As one can see immediately, both these expressions only depend on the difference of m1
and m0. This is due to the fact that the class S + Y1 is trivial on S, X|S = −Y1|S, so
that the coefficients of m0 and m1 are of equal magnitude and opposite sign. Thus, for
each solution (m1−m0, m2, m3) we have a redundant infinity of solutions, each of which
restricts to the same ζ on S.
As further given in section 5 the value of χ/24 for this model is 226. Taking into ac-
count the hypercharge flux contribution this allows for a maximal extra flux contribution
of 224 in agreement with the tadpole cancellation condition. This gives an additional
constraint on the allowed solutions and the remaining ones are listed in Table B.2.
C A further example based on P4[3]
In this section we provide another fourfold, obtained again from an elliptic fibration over
P4[3] by the described blow-up procedure, together with some flux solutions leading to
three generation SU(5) GUTs. The toric data along with the corresponding U(1)-charges
of the various divisors are given in Table C.1.
From this, one obtains c1(B) = (−B)|B = (S+Y1+Y4)|B, so that c1(S) = (Y1+Y4)|B.
The intersection numbers are as follows
S2Y2 = −1, SY
2
2 = −1, Y1Y3Y5 = 1, Y
3
2 = 1, Y
3
4 = 2,
S2Y4 = −2, Y1Y
2
2 = −1, Y1Y
2
4 = 2, Y2Y
2
3 = −1, Y
2
4 Y5 = 1,
SY1Y2 = 1, Y1Y2Y3 = 1, Y1Y4Y5 = 1, Y
3
3 = 4, Y4Y
2
5 = −1,
SY1Y4 = 2, Y1Y
2
3 = −2, Y1Y
2
5 = −1, Y
2
3 Y5 = −1, Y
3
5 = 1.
(C.1)
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Nflux c1 − c0 c2 c3 x χ10 ζ
−144 2 −3 0 3 −3 (5S + 11Y1 − 9Y2)|S
−144 −1 3 0 −3 3 (−S − 7Y1 + 9Y2)|S
−160 2 −2 −1 0 3 (2S + 8Y1 − 8Y2 − 4Y3)|S
−160 −1 3 −1 0 −3 (2S − 4Y1 + 12Y2 − 4Y3)|S
−160 2 −3 1 0 3 (2S + 8Y1 − 12Y2 + 4Y3)|S
−160 −1 2 1 0 −3 (2S − 4Y1 + 8Y2 + 4Y3)|S
−184 2 −2 −2 3 −3 (5S + 11Y1 − 5Y2 − 8Y3)|S
−184 −1 4 −2 −3 3 (−S − 7Y1 + 13Y2 − 8Y3)|S
−184 2 −4 2 3 −3 (5S + 11Y1 − 13Y2 + 8Y3)|S
−184 −1 2 2 −3 3 (−S − 7Y1 + 5Y2 + 8Y3)|S
Table B.2: Solutions for ζ leading to three-generation SU(5) GUT models in agreement with
D3-tadpole cancellation and D-term supersymmetry.
Now in this case χ/24 = 166, allowing for a maximal flux contribution to the tadpole
of −164 (in addition to the −2 units of hypercharge flux). Starting with the same
ansatz as above, only changing ζ˜ = (m0S +m1Y1 +m2Y2 +m3Y3 +m4Y4 +m5Y5)|S and
−B = S + Y1 + Y4, the conditions on χ5H and χ10 result in
x = 5− 10(m1 −m0)− 3m2 − 6m4, (C.2)
and
χ10 = −11 + 22(m1 −m0) + 6m2 + 6m4 = ±3. (C.3)
One notes that both equations are entirely independent of m3 and m5, and further-
more, that mapping (m2, m4) to (m3, m2) of the previous example leads to the same
equations as obtained there. Thus the same analysis as above applies, with in this case
a 3-dimensional infinite lattice of redundancy, resulting from the fact that for this model
(S + Y1)|S = 0, Y3|S = 0, and Y5|S = 0. The now more restricted set of distinguishable
solutions is given in Table C.2.
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nef-part. vertices coords. U(1)-charges
N0=( 0, 0, 0, 0, 0, 0 ) x0 B S Y1 Y2 Y3 Y4 Y5
∇1 ν1=(−1, 0, 0, 0, 0, 0 ) y 3 3 3 · · 3 ·
ν2=( 0, −1, 0, 0, 0, 0 ) x 2 2 2 · · 2 ·
ν3=( 3, 2, 0, 0, 0, 0 ) z 1 · · · · · ·
ν4=( 3, 2, −1, −1, −1, −1 ) y1 · · 1 · · · ·
ν5=( 3, 2, 1, 0, 0, 0 ) y2 · · · · · 1 ·
ν6=( 3, 2, −1, −1, 0, 0 ) y3 · 1 · · · · ·
∇2 ν˜1=( 0, 0, 0, 0, 0, 1 ) y4 · · 1 · · · ·
ν7=( 0, 0, 0, 0, 1, 0 ) y5 · · 1 1 1 · 1
ν8=( 0, 0, 0, 1, 0, 0 ) y6 · 1 1 · · · ·
ν9=( 0, 0, 0, 0, −1, 0 ) y7 · · · · · · 1
ν10=( 0, 0, −1, 0, 0, 0 ) y8 · −1 −1 −2 −1 1 ·
ν11=( 0, 0, −2, 0, −1, 0 ) y9 · · · 1 · · ·
ν12=( 0, 0, −1, 0, −1, 0 ) y10 · · · · 1 · ·
Table C.1: Toric data for a second fourfold based on P4[3], including the U(1)-charges.
NF lux c1 − c0 c2 c4 x χ10 ζ
−144 2 0 −3 3 −3 (5S + 11Y1 − 9Y4)|S
−144 −1 0 3 −3 3 (−S − 7Y1 + 9Y4)|S
−160 2 −1 −2 0 3 (2S + 8Y1 − 4Y2 − 8Y4)|S
−160 −1 −1 3 0 −3 (2S − 4Y1 − 4Y2 + 12Y4)|S
−160 2 1 −3 0 3 (2S + 8Y1 + 4Y2 − 12Y4)|S
−160 −1 1 2 0 −3 (2S − 4Y1 + 4Y2 + 8Y4)|S
Table C.2: Flux solutions for 3-generation models in agreement with D3-tadpole constraints.
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